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Abstract-The natural convection from a two-dimensional horizontal line source of heat embedded in a 
porous media has been studied by the method of matched asymptotic expansions at large Rayleigh numbers. 
The general case of a confined plume emerging from the apex of an insulated symmetric wedge with its axis 
coinciding with the direction of buoyant force vector is considered for arbitrary values of wedge angles. The 
first-order problem reduces to the boundary-layer approximation considered earlier by Wooding [J. Fluid 
Mech. 15, 527-544 (196311. For the second-order boundary layer equations, representing the entrainment 
effect, a closed-form solution is given and for the third-order equations representing the effects of axial heat 
conduction and normal pressure gradiant the equations are integrated numerically. The results are displayed 

graphically and discussed critically. 

1. INTRODUCTION 

THE IMPETUS for the development of alternate energy 
sources and utilization of geothermal energy has led to 
increasing research activities on the natural convection 
in porous media. The reviews on the available literature 
may be found in the works of Cambarnous and Boris 
[l] and Cheng [2]. 

The problem of a plume arising from a horizontal line 
source of heat in a porous media was first considered by 
Wooding [3]. By employing classical boundary-layer 
theory to the equations for Darcian flow in a porous 
media, Wooding [3] noted that the resulting equations 
are analogous to that of Schlichting’s two-dimensional 
jet in a Newtonian fluid, and a closed-form solution was 
presented when the Prandtl number is unity. Yih [4] 
later pointed out that the solution of Wooding [3] is 
actually valid for all Prandtl numbers. 

The solution of Wooding [3] based on the classical 
boundary-layer approximation is valid for large values 
of Rayleigh numbers; it neglects the conduction in axial 
direction, normal pressure gradient and the entrain- 
ment in the plume from the outer region. For 
geothermal systems the Rayleigh numbers, of the order 
of 30@1000 [Z], are not very large. Therefore, from 
point ofview ofapplications it would be ofgreat interest 
to refine the boundary-layer analysis [3] to include the 
higher-order effects so that the results can be utilized for 
low or moderate values of Rayleigh numbers. 

Based on the method of matched asymptotic 
expansions, the higher-order effects to Prandtl’s 
boundary layer in a Newtonian fluid had been studied 
by several workers [S]. The higher-order boundary 
layer for natural convection on a vertical plate was first 
studied by Yang and Jerger [6]. Riley [7] as well as 
Hieber and Nash [S] have studied higher-order effects 
for free convection arising from a horizontal source of 
heat in a Newtonian fluid [9]. The higher-order effects 

in Darcian natural convection flow from horizontal 
plates has been studied by Chang and Cheng [lo]. 

The present work deals with the study of higher- 
order effects in natural convection flow arising from a 
two-dimensional horizontal line source of heat 
embedded in Darcian porous media. The general case 
of a confined plume emerging from the apex of an 
insulated symmetric wedge of angle 2@ with its axis 
coinciding with the direction of buoyant force vector 
(see Fig. 1) is considered. The special case of B = x 
corresponds to a free plume in an infinite expanse of 
porous media and /? = 7c/2 corresponds to the plume 
bounded by a horizontal insulated surface. At large 
values of Rayleigh number the flow field is divided into 
two layers : inner and outer. In the inner layer, in the 
neighbourhood of the plane of symmetry, the 
convection and conduction terms in the energy 
equation are of the same order and axial velocity is 
governed by local buoyancy:In the outer layer, away 
from the plane of symmetry, conductive transport is 
negligible. The asymptotic expansions in the inner and 
outer regions are matched in the overlap domain. The 

(a) 
,’ 

(b) Cc) 

FIG. 1. Coordinate system for the plume where horizontal line 
heat source is situated at point Oin a Darcian porous media. (a) 
Free or unbounded plume;(b) and (c) plume bounded by two 
adiabatic inclined plates forming a symmetrical wedge of 

included angle 28. 
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NOMENCLATURE 

A,, A,, A,, . . . constants 
C unspecified eigenconstant 

CP specific heat 
fO,fi,fi first-, second- and third-order stream 

functions in the inner layer 

Fill eigenvector for velocity distribution in 
the inner layer 

Y gravitational acceleration 
h,, hi, h, first-, second- and third-order 

temperatures in the inner layer 

H, eigenvector for temperature distribution 
in the inner layer 

k, eigenvalue in the outer layer 
K permeability of porous media 

; 

characteristic length 
rate of heat released from point source 

Ra Rayleigh number defined by equation (9) 

Ra, local Rayleigh number defined by 
equation (95) 

t temperature in inner layer defined by 
equation (23) 

t,, tl, t2 first-, second- and third-order 
temperatures in inner layer defined by 
expansion (28b) 

L eigenvector for temperature in the inner 
layer defined by expansion (28b) 

T non-dimensional temperature defined by 
equation (7) 

W complex velocity potential defined by 
W(Z) = Q(X, Y)+iW(X, Y) 

WI, W,, W, first-, second- and third-order 
complex potential in the outer layer 

I% eigensolution for complex potential in 
outer layer 

To, T,, T, first-, second- and third-order 
temperatures in the outer layer defined 
by expansion (16b) 

X vertical coordinate measured from the 
heat source in the inner layer 

X non-dimensional vertical coordinate 
(X = x) 

Y stretched normal coordinate in the inner 
layer defined by equation (23) 

Y non-dimensional normal coordinate 
Z a complex variable, Z = X + iY 

Greek symbols 
thermal diffusivity 
eigenvalues in the inner layer defined by 
equation (48) 
half the angle of the insulated wedge 
(bounding the porous media) measured 
from the axis of the wedge (Fig. 1) 
volumetric thermal expansion coefficient 
half-width of plume defined by equation 

(92) 
appropriate perturbation parameter, 
Ra; ‘I3 
similarity variable defined by equations 
(41) or (92) 
angular coordinate measured from the 
axis of wedge 
characteristic temperature defined by 
equation (8b) 
perturbation parameter defined by 
equation (15) 
molecular viscosity of the fluid 
density of fluid 
stream function in inner layer defined by 
equation (23) 

rj,,, $,, J12 first-, second- and third-order 
stream functions in inner layer defined 
by equation (28a) 

Y non-dimensional stream function 
defined by equation (7) 

‘I’,,, Yi, Yz first-, second- and third-order 
stream functions in outer layer defined 
by equation (16a) 

qk, eigenvector for stream function in the 
outer layer defined by equation (16a). 

small parameter is the inverse cube root of the as the displacement effect. The third-order boundary- 
appropriate Rayleigh number based on the amount of layer equations take into consideration the effects of 
heat released from the source and the permeability of streamwise heat conduction and transverse pressure 
the porous media. The leading term in the expansions gradient. The first eigensolution associated with the 
represent the boundary-layer approximation of problem arises with the fourth-order boundary-layer 
Wooding [3] and higher-order perturbations represent equations. In the inner layer the various order 
the corrections required at moderately large values of equations admit self-similarity. For the first- and 
Rayleigh number. The second-order boundary-layer second-order boundary-layer equations closed-form 
equations account for the entrainment of outer solutions are presented and the third-order boundary- 
irrotational fluid in the boundary layer, which is known layer equations are solved numerically. 



Two-dimensional buoyant plume in porous media 2031 

2. ANALYSIS 

The equations governing the buoyancy-induced 
motion arising from a horizontal line source of heat for 
a Darcian flow in a porous media with Boussinesq 
approximation are [2] 

(1) 

where X, and Y, are the coordinates along the buoyant 
force vector measured from heat source and normal to 
it, y is the volumetric expansion coefficient, g is the 

where L is some reference length, U, is the characteristic 
free convection velocity associated with the source in 
the porous media as 

u, = gyKO,lv (8a) 

and Or is the characteristic temperature difference 
associated with the heat source in porous media and 
based on relation (6) it can be adopted as 

The appropriate Rayleigh number 

(9) 

gravitational acceleration, K is the permeability of 
porous media, v = p/p is the molecular kinematic 

is regarded as large. In terms of Ra the expressions (8a) 

viscosity of the fluid, p is the dynamic viscosity, p is the 
and (8b) become 

density of the fluid and a is the thermal diffusivity of the U,L = aRa213 (104 
fluid. Further, 7” is the temperature and Y’, is the 
stream function defined by er = - ‘a ~~213 

ML 
(lob) 

LJ=E? I/=-!% * ar, ) * ax, 
Based on non-dimensional variables (7), (9) and (10) the 
governing equations (1) and (2) become 

where U, and V, are the velocity components in X, and 
Y, directions, respectively. 

The boundary conditions at the axis of the plume are 
(11) 

that of symmetry with respect to the X, axis 

a2Y aT* x*>o, Y*=O: Y*=--*- ay: * = ay = 0. (3) 

The boundary conditions for confined plume (Fig. 1) 
emerging from the apex of an insulated symmetric 
wedge ofangle 2p with its axis 6 = 0 coinciding with the 
direction of the buoyant force vector are 

0=+/I, Y*=grad T,=O (4) 

where 0 is given by 

6 = tan-’ (YJX,). 

Far away from the heat source the velocity and 
temperature approach their ambient value 

-fi<e<p, x:+Y:+co; 
IC\ 

For a large control volume enclosing the heat source, 
integration of energy equation (2) leads to 

Q 
s 

m -= 
PC, 

>(T*-T*,) dY,-a SdY, 
* -m ax, 

(6) 

where Q is the heat released by the horizontal line 
source of heat. 

We consider the following non-dimensional 
variables 

x, = XL, Y* = YL 

‘I‘* = U,LY, T* - Tern = 0,T 
(7) 

ay aT ay aT 
-----=P($+$). (12) 
aY ax ax aY 

The boundary conditions are 

x>(), y=o: Y2p& 

0= *!I, Y=gradT=O 

-/?<e<p, xZ+YZ+co, g= T=O (13) 

subject to the heat flux relation 

s m ay 
-TdY=1+A2 

m aT 

_m aY 
-dY 

-oD ax 
(14) 

Here 1 is a parameter defined as 

1 = Ra-‘13. (16) 

For large values of Rayleigh number, the parameter 1 
can be taken as a small perturbation parameter. The 
outer expansions for stream function Y and 
temperature Tare straightforward in the powers of 1 as 

Y = Y’,(X, Y)+IY’,(x, yJ+PY’,(x, Y) 

+...+nkmQ,(x,Y)+... 

T = T,(X, Y)+AT,(X, Y)+A’T,(X, Y) 

I 

(16) 

+...+PmQX, Y)+... 

where Q,,,, T are the eigensolution and k,s the 
eigenvalues associated with the outer layer. 

Substituting the outer expansions in equations (11) 
and (12) and collecting the coefficients of like powers of 
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I we get equations for successive approximations The boundary conditions at the axis of plume are 

VY, = T,,r (17a) x > 0, y = 0, IJ = $,, = t, = 0 (26a,b) 

n-1 subject to heat flux relation 

yO,Y~,x-~O,xT,,Y=%l Z: Wn-j+l,x?iY 
m m j=O 

Jl,t dy = l-11’ t, dy. (27) 

-~n-j+~,rl;.,x)+~n-2V21;1-2 (17b) 
J -CD J --a 

The inner expansions for 41, and t can be taken as 

where 

a, =O for n < 0 

= 1 for n Z 0. 
(18) 

The boundary conditions are 

--8<0<BI Y-tco, YnTY=T,==O (i9a) 

@=+& \Y,=gradT,=O Q9b) 

x > 0, Y = 0, 

Y, and T, match with inner solution. (19c) 

The solutions to the energy equations for To and Tl are 

To = %(Y,) (20a) 

Tt = H1(~0)+~,KJ(~0)* (2Ob) 

The equation (20a) shows that the temperature T, 
remains constant along the streamline Y,. As there is 
no temperature gradient in the ambient environment, it 
follows from boundary condition (19) that H, = 0, 
thereby T,(X, Y) = 0 for all X and Y. Based on the 
above argument and the fact that ambient environment 
is uniform, independent of Rayleigh number, it follows 
that T,(X, Y) = 0 for all X and IC Hence by induction it 
is found that the solution to equation (17b) subject to 
the boundary conditions (19a) and (19b) is 

QX,Y) =0 for n,X and I! (21) 

y = Y’,(x, J4 + Jw tc% Y) + ~z@2(x, Y) 

f~3YQ3(+%y)+ ... +P$,(x,y)+ . . . (28a) 

t = t,(x, y) + %(x, Yf + /22t2b, Y) 

+ d3t,(.x, Y) + ’ . . + Aa”?&, y) -t- . . . (28b) 

where 6, and t;, are the eigensolutions associated with 
the problem and 01,s are the corresponding eigenvalues. 
Substituting the inner expansions (28) in inner 
equations (24x27) we get various order equations for 
+, and t, as 

+j 4w n,y.v = -%-2JIP2,XX (29) 
n-l 

hyL,x-$O,xL,y = t".YV-%-l t: 
j-0 

x(~~-j+I,~tj,s-~n-~+I.xtj,y)+un-2VZTn-2 f30) 

x > 0, y = 0; &, = I&, = tn,v = 0 (3la,b,c) 

J 

m &,vtndy= 1-a.,“i’ m tf/m-j+ l.yfj dY 

-a’ J j -o? 

m 

-4-2 

J 

tn-2.x dy. (32) 
-* 

The missing boundary condition for the inner layer at 
the edge of the plume is determined by matching inner 
and outer expansions. The matching of stream function 
gives 

Y*(X, 0) = 0 (33) 

Therefore equation (17a) reduces to $0 N ~,W,O)+Y~~,,W,O), Y --,a (344 

V2Y, = 0 (22) 

for all E, the Laplace equation. As shown later the 
solution for lowest-order outer flow corresponds to 
ambient environment. 

A thermal boundary layer is required to describe the 
flow in the plume. An order of magnitude analysis 
where convective and conductive heat transfer are of 
the same order leads to the following boundary-layer 
(inner) variables 

x=x, y = Y/A 

$(&Y) = Y(X, WI, Nx, Y) = TV, Y) 
(23) 

and an inner limit may be defined as y, $ fixed for 2 + 0. 
In terms of inner variables, the equations (1) and (2) 
become 

$5, = t,- @, (24) 

!iQx - V&t, = tyv - %C. (25) 

and for temperature leads to 

t-(x, a3) = 0 for all n. (35) 

The equations governing the eigensolution (q,,,, r, are 
associated with homogeneous equations 

&II,,, = KW (36) 

IClg,y~~,x-~O.x?;n,ye~,,yto.x-~m,xto,y = Cil,vv (37) 

subject to homogeneous boundary conditions 

x > 0; y = 0, 5, = $,,yy = ?& = 0 (38a,b,c) 
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(a) First-order boundary layer and eigensolutions 
The solution to the lowest-order (n = 0) outer 

equation (22) for stream function Y,, subject to 
boundary condition (19a) and (19b) and matching 
condition (33) is 

Y,,(X, Y) = 0 for all X and Y (40) 

In the inner layer the first-order boundary-layer 
equations (29H32) with n = 0 under the 
transformation 

IL_, = x”3f,(rl)? t, = x - i’%,(q), q = y/x2/3 (41) 

reduce to the following ordinary differential equations 

fg = K. (42) 

h;; + 1/3(f,h,)’ = 0. (43) 

The boundary and matching conditions are 

fo(0) = f;(o) = ho(O) = 0 Wa,b,c) 

fo(a3)= h,(oo)= 0 WLe) 

subject to the normalization condition 

I 
m f& dq = 1. (45) 
-CC 

Following Wooding [3] and Yih [4] the closed-form 
solution to first-order boundary-layer equations is 
obtained as 

fo(tl) = & tanh (VW) (464 

h&d = 4, se&' (VW) Mb) 

where A0 and B, are given by 

A0 = (9/2)“3 B, = (3/32)“3. (47) 

Before considering the higher-order terms in the 
asymptotic expansions it is appropriate to first analyse 
the eigensolution associated with the equations. 
Introducing the following variables 

5, = ~(1 -am)/3F,(q) (48a) 

t = x-o +“m’/3ffJrl) 
(‘W 

the equations (36)-(39) governing the eigensolution 
reduce to 

FL = H:. (49) 

w:, +&OH:. + (1 + cr,)fbHm 

+ F:hO + (1 - a,,JFJ& = 0 (SO) 

F,,,(O) = F;(O) = H;(O) = Pa(w) = H,,,(w) = 0 (51) 

m 
F;h,, +&If,,, dq = 0. (52) 

-m 

The first eigenvalue is cl1 = 3 and the eigensolution is 

F, = C(2s.G - fo) (534 

H, = C(2& + he) (53b) 

where C is an unspecified multiplicative constant. It 
may be seen that the first eigensolution is proportional 
to partial differential of first-order equations (41) with 
respect to the x coordinate. It physically represents the 
uncertainty about the details of the flow near the heat 
source and arises from the fact that the initial 
conditions are not imposed on the similarity solution. 
As the first eigenvalueis cur = 3, the eigensolution of the 
order of L3, is a higher-order effect associated with 
fourth-order terms in inner asymptotic expansions. 

In the outer layer the eigenfunction ‘k, governed by 

PP, = 0 (54) 

subject to homogeneous boundary conditions 

e,,,=O at 6=0 and fi or -p 

yield the following eigensolution 

w* = 6, +i’k, = b,,,Zmmn/fl, m = 1,2,3 (55) 

representing the mass multipoles in the complex 
Z = X + i Y plane. As the reference length L is artifi- 
cial, ‘k, is independent of L if we adopt 

k, = 3mn//l -I- 2 (56) 

and the first eigensolution in the outer layer occurs with 
the terms of order 1’ for a free plume. 

(b) Second-order boundary layer 
The second-order outer flow is governed by 

VZY’, = 0 (57) 

The matching condition of the second-order outer flow 
Y’, with the first-order boundary layer expressed by 
relation (34a) gives 

X > 0, Y = 0; Y1 = lim (tf+o-y$Oy) = &X1’3. 
9-m 

(584 

The boundary conditions of the confined plume are 

6=/3 or -p, Y’,=O (58b) 

-/?<e<p, xz+y2+co, ay’, ay = 0. (58~) 

The solution to equations (57) and (58) in terms of 
complex potential W,(Z) = @I + iYl as a function of 
complex variable Z = X + i Y is given by 

W, = (C,+iCJZ’/3 (59) 

where C, and C, are the real constant found from 
boundary conditions on Y 1 for arg Z 4 0 and arg Z 
+ /l as 

C, = A,, CR = A,, cot I. (60) 
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The solution to the confined plume is given by (c) Third-order boundary layer 

WI = A,(i-cot tjZ1j3. 

The third-order outer flow 

(61) equation 

is governed by the 

\ ‘/ 

The complex velocity is 

U,-iVr = dW,/dZ = 1/3A. Z-2/3 (62) 

and the vertical velocity component at the axis of plume 
is 

U,(x,O) =-AA, cot %zi3 
3 3 . (63) 

The special case of /I = A corresponds to a plume 
emerging in an unbounded media and the case p = n/2 
to a plume emerging from a plane horizontal boundary. 

The second-order boundary-layer equations (29)- 
(32) for n = 1, under the transformation 

$1 = fi(rtb tr = x-%(tl) (64) 

reduce to the following ordinary differential equations 

f’; = h; (65) 

II’; ++@$I’~ +2&h, +f;h,) = 0. (66) 

The boundary conditions at the axis of plume are 

fi(0) = f’;(O) = h;(O). (67a,b,c) 

The matching conditions (34b) and (35) require 

(6744 

subject to the heat flux relation 

s 
m f;h,+fbhi dq = 0. 
-Co 

(68) 

The closed-form solution to the first-order boundary- 
layer equations (65)(68) is 

f 
1 

= f;(a) 
2s’o CNM0) -d-L -fol (6% 

0 

f ;(=J) 
91 = -2fbo Csf6+xJ. (70) 

The velocity and temperature at the centreline of the 
plume are 

f X0) = 0 (71a) 

Ao B 
g1(0) = -f\(co) =-cot - 

3 0 3 
. (71b) 

Further, the constant A, in equation (67d) may be 
estimated from solution as 

A, =cot ; 
0 

(72) 

V2Y2 = 0. (73) 

The matching condition (34c) with the help of relations 
(64) and (67d) becomes 

Y,(X > 0; Y = 0) = lim 

(tir -~~I.,-f~2tiI.,) = AI. (74a) 

The boundary conditions for the confined plume are 

e=+p, Y*=O (74b) 

-/?<e<p, xr+Y2+Co, 3Y’l __ = 0. (74c) 
ay 

The solution to the third-order outer problem in 
terms of complex potential W, = az +iY’, is given by 

Wz=-$(ln Z-ifi) (75) 

which signifies the sink flow towards the origin. The 
second-order complex velocity is given by 

dwz A, U,-iVz =dZ=_E (76) 

and the third-order normal velocity at the axis of the 
plume is given by 

A, 
U,b, 0) = - gx (77) 

The third-order boundary-layer equations (29)-(32) 
with n = 2, in terms of similarity variables 

$2 = x- “3fi(s)> t2 = x- ‘h,h) (78) 

yield the following ordinary differential equations 

f; = h;+$(f,-3~fb-292f~) (79) 

h’; +&oh; + 3&h, -fihb+f;ho) 

= -sf;h,-$(2ho+7~ho+2q2K;), (80) 

The boundary conditions at the axis are 

f2(0) = f;(o) = h;(O) = 0. (gla,b,c) 

Thematchingcondition(34c)and(35) basedon(6l)and 
(75) require 

rI+=), f2 -$A~+~~cA,, 
B 

h, + 0 @ld,e) 

subject to integral heat flux relation 

s 
O” f;ho+f;h,+f~h2++(ho+2~ho) dr) = 0. (82) 
-m 

(6) Fourth-order boundary layer and eigensolution 
The fourth-order outer flow is governed by the 

relation 

VZY’, = 0. (83) 
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The matching relation (34~) with the third-order inner asymptotic expansions may be summarized as 
boundary layer gives 

Y’,(X, 0) = lim ($z - y$,, -b”J/,,,) = A2X- ‘f3. 
y, = um% tt), T* - qm = &M&, rt) (90) 

Y-m 
(84) _I-(-% 11) = fob) -I- EsI(d + &2fi(d 

The boundary conditions for the confined plume are +.s’ In .sFi(1~)+~~\f(n)+ a** (91a) 

e=t_j?, Y,=O (84b) 
W% rl) = Ml) + sM7) + &2h2(tl) 

-f=ce<p, X2+Y2-+m, !$ = 0. (MC) 

+E~ In E~,(~)+E~~~(~)~ *** (9lb) 

‘I = y*/a (92) 

The solution to the problem in terms of complex where 

potential W, = Q, + il, is 6=EX* U = a/(z2X,) (93) 

W, = A2 Z-1/3 (85) 
s = Ra; l/3 (94) 

and Ra, is the local Rayleigh number defined as 
and the vertical component of velocity at the axis of 
plume is Ra _ QmKX, (95) 

U,(x, 0) = - $ cot 

0 

$ 

qiqF. 
x-213. 

(86) The outer expansions for complex potential 
W(Z,) = Q), + ivy,, 2, = X, +iY, and temperature 

In the inner layer, introducing the variables can be summarised as 

$3 = x-2’3f3(?j), t3 = x-“%,(q) (87) W(Z,) = CL cosec (B/3) [ - A0g1’3 

the equations (23)-(32) with n = 2 reduce to ordinary -Al/l-’ sin (/I/3) in 2+A2?1’3 
differential equations. However, an inconsistency in the 
solution to the problem for (fs, hs) arises in the large 

+i!-2/3(A3 In J?+A,)+ ..*] (96) 

behaviour as the first eigensolution described in section 
is of the same order as J3. This inconsistency can be 

T,-T,, N 0 (97) 

resolved by introducing a log term in the inner where 

asymptotic expansions. Therefore, the term L3ij3 and 
13t3 in the expansions should be replaced by 2 = -$$Z*eeip. (98) 

J.‘x-‘~~ In (1x”3)F1(4)+R3X-2’3f3(~) (88) The outer eigensolution complex potential 

13x-2’3 In (Lxx- 1’3)H,(q)+;13x-Z’3h3{~) (89) @= = b,Z-““@, m = 1,2,3,. . . , (99) 

where (F,, Hi) is the first eigensolution given by representing mass multipoles in the Z-plane, leads to 
equations(53a,b)involvingamultiplicativeconstant C. further log terms in the outer expansion (96). 
Accordingly the problem for (f3, h3) is modified to 
include the addition terms that are mutiplied by C. The 

The velocity components U, and V, in X, and Y* 
directions in the outer layer are related to the first 

constant C may be determined for proper asymptotic differential of complex potential 
behaviour of the solution of (f3, h3) for large r~. Finally, 
however, in the solution for (fs, h,) another constant 
that is associated with the complementary solution of 

U,-iv* = 2. 
* 

the problem is left unspecified. Furthermore, for 
computational purposes the two terms in (88) are to be 

The vertical component of velocity from the outer 

treated together. There is no unique way of fixing this 
solution at the axis of plume from equations (96) and 

constant unless me~urements are available, the 
(98) is given by 

analysis is not pursued further. U*(X*, 0) 

3. RESULTS AND DISCUSSION 

The higher-order effects for Darcian free convection, 
about a horizontal line source of heat, emerging from 
the apex of a symmetrical (insulated) wedge with its axis The inner and outer expansions to the order &a, i.e. the 
coinciding with the direction of the buoyant force third-order boundary layer has been studied. 
vector is studied by the method of matched asymptotic The first-order boundary-layer equations, reducing 
expansions. From the analysis presented earlier the to the equations for Schlichting’s two-dimensional 
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FIG. 2. First-order boundary layer: the velocity and temperature distributions in the plume. 
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FIG. 3. Second-order boundary layer: second-order velocity distribution in the bounded plume for various 
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FIG. 4. Second-order boundary layer: second-order temperature distribution in the bounded plume for 
various values of wedge angles 8. 
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FIG. 5. Third-order boundary layer : tbird-order velocity dist~bution in the bounded plume for various values 
of wedge angles B. 
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FIG. 6. Third-order boundary layer: third-order temperature distribution in the bounded plume for various 
values of wedge angles j. 
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FIG. 7. Velocity distribution in the plume for unbounded 
media from first-, second- and third-order boundary-layer 

effects at local Rayleigh number of 50. 

FIG. 8. Temperature distribution in the plume for unbounded 
media from first-, second- and third-order boundary-layer 

effects at local Rayleigh number of 50. 
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6 

FIG. 9. Effects of wedge angle /3 on the total velocity distribution in the plume from third-order boundary-layer 
theory at Ra, = 200. 

laminar jet in a Newtonian fluid, are solved in closed 
form. The second-order boundary-layer equations, 
however, differ from the corresponding equations for 
laminar jet in a Newtonian fluid [ 111, are also solved in 
closed form for arbitrary values of /I. The third-order 
boundary-layer equations have been integrated 
numerically for a free plume (b = n) and for a plume 
bounded by symmetric wedge with B = 3x/4, n/2 and 
n/4. 

The velocity and temperature profiles for the first- 
order boundary layer displayed in Fig. 2 are 
independent of the fact of whether the plume is in 

unbounded or bounded medium. This is because at 
large Ra, the first-order plume being very thin, like 
Ra;‘/3, is not affected by the confinement of the 
medium. At moderately large Ra,, the plume becomes 
thicker, resulting in increased entrainment of fluid in 
the boundary layer from the outer irrotational domain 
and gives rise to the second-order corrections to the 
plume boundary layer. The entrainment depends on 
the extent of outer zone, i.e. whether the plume can 
entrain from entire or limited space. Therefore, the 
second-order boundary layer should also depend on 
the wedge angle bounding the plume; the velocity and 

THIRD ORDER THEORY 

Ra, : 200 

B 

04 0.6 1.0 

hK> ‘1) 

FIG. 10. Effects of wedge angle /I on the total temperature distribution in the plume from third-order boundary- 
layer theory at Ra, = 200. 
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Table 1. Characteristic values for two-dimensional buoyant plume bounded by symmetrical adiabatic 
wedge of included angle 28 from second- and third-order boundary-layer effects. 

s f;(O) h,(O) h,(O) A, ‘42 

3:,4 0.27040 0.40382 0.31773 0.55032 0.45418 0.82824 0.57735 1.0 -3.55850 -3.21150 

xl2 0.75120 0.95318 1.85386 1.73206 - 2.03590 

n/4 2.58043 2.05382 7.33225 3.73207 4.56289 

Remark 

Free plume 

Plume bounded 
by horizontal 
surface 

temperature profiles from the solution of the second- 
order boundary layer equations are displayed in Figs. 3 
and 4 for p = n, 3nf4, n/2 and x/4. The case /? = A 
corresponds to a free (unbounded) plume and /I = n/2 
to the plume emerging and bounded by horizontal 
surface. Figure 3 shows that at q = O,f;(q) is zero and 
for q > 0, f;(o) is negative whereas Fig. 4 shows that 
h,(u) is positive near the axis of plume and becomes 
negative near the outer edge of plume. The effect of 
decrease of wedge angle fl is to increase the magnitude 
of the second-order effects. Therefore, for a fixed angle, 
the second-order effects decrease the velocity in the 
plume, the exception being q = 0, whereas the 
temperature increases near the axis and decreases more 
rapidly towards the outer edge of the plume and the 
width of the plume becomes less extensive. For further 
moderate values of Ra, the third-order boundary-layer 
effects become significant and the velocity and tem- 
perature profiles from numerical solutions for /I = n, 
3~14, 7~12 and ~14 are displayed in Figs. 5 and 6. 
These figures show that for a fixed fl, second-order 
velocity f;(q) and temperature h,(q) are positive near the 
axis and towards the outer edge but in between the axis 
and the edge of the plume there is a domain wheref; 
and h, become negative. This implies that the third- 
order effect tends to increase the velocity and 
temperature near the axis and towards the outer edge 

and decrease it in a small domain between the axis and 
the edge of the plume. The effect of decrease of wedge 
angle /I is also to increase the third-order effects. 

For a free plume (/3 = n) the velocity and temperature 
distributions in the plume for Ra, = 50 obtained from 
first-, second- and third-order boundary-layer sol- 
utions are displayed in Figs. 7 and 8, respectively. The 
effect ofconfinement of the plume for various values of fl 
on total velocity and temperature distributions based 
on third-order effects are displayed in Figs. 9 and 10 
which clearly display the nature of solutions depicted 

above. 
At the centreline of the plume the velocity and 

temperature are given by 

U,(X, 0) = UCO.45428 + f;(O)& + ~;(O)E~ + O(c2)] 

(101) 

T*(x, 0) - T* cc = $ CO.45428 

+ h,(O)&+ hz(0)E2 + O(E2)l (102) 

wheref;(O) = Oandcoefficientsf;(O),h,(O)andh,(O)are 
given in Table I for various values of p. It may be seen 

that the higher-order effects for a given /3 increase the 
velocity and temperature at the axis of the plume, the 
increase being much more rapid as /I decreases. In terms 
ofmathematical order the higher-order analysis is valid 
for E cot (/3/3) << 1. Physically, the higher-order theory 
breaks down if the magnitude of the subsequent term 
becomes comparable to previous term. As the decrease 
of b increases the magnitude of the second- and third- 
order coefficient in the series (101) and (102) it follows 
that in these cases, the value of E where higher-order 

theory is valid also decreases. For example, series (101) 
and (102) yield useful estimates for free plume (/3 = a) 
when E 6 0.8, for plume bounded by horizontal wall 
(/I = n/2) when E 5 0.5 and for confined plume with 
B = ~14 when E 6 0.2. 
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PANACHE BIDIMENSIONNEL DANS UN MILIEU POREUX: EFFETS D’ORDRE ELEVE 

Resume-La convection naturelle a partir dune source rectiligne horizontale de chaleur noyb dans un milieu 
poreux a et6 Ctudiee par la mtthode des dbveloppements asymptotiques aux grands nombres de Rayleigh. Le 
cas general dun panache confine sortant du sommet d’un diklre symetrique, avec son axe en coincidence avec 
la direction du vecteur acceleration de la pesanteur, est considere pour des valeurs differentes dangle du diedre. 
Le probleme du premier-ordre reduit a l’approximation de couche-limite consider&e antirieurement par 
Wooding [J. Fluid Mech. 15, 527-544 (1963)]. Pour les equations de couche limite de second ordre, 
representant l’effet d’entrainement, une solution analytique est don&e et pour le troisieme ordre, representant 
les effets de la conduction thermique axiale et du gradient de pression, les equations sont intbgrkes 

numeriquement. Les risultats sont don& graphiquement et une discussion critique est menbe. 

ZWEIDIMENSIONALE AUFTRIEBSFAHNE IN PORGSEN MEDIEN : 
EFFEKTE HC)HERER ORDNUNG 

Zusammenfasaung-Die nattirliche Konvektion urn eine zweidimensionale, horizontale, linienformige, in ein 
porijses Medium eingebettete Warmequelle wurde mit der Methode der asymptotischen Annaherung fur 
groDe Rayleigh-Zahlen untersucht. Der allgemeine Fall einer begrenzten Auftriebsfahne, die vom 
Scheitelpunkt eines isolierten symmetrischen Keils aufsteigt, dessen Achse mit der Auftriebsrichtung 
tibereinstimmt, wird fur beliebige Keilwinkel untersucht. Das Problem erster Ordnung fiihrt auf die 
Grenzschichtnaherung, die bereits friiher von Wooding betrachtet worden ist [J. Fluid Mech. 15, 527-544 
(1963)]. Fiir die Grenzschichtgleichungen zweiter Ordnung, welche den Entrainment-Effekt berticksichtigen, 
wird eine Lijsung in geschlossener Form angegeben, und fiir die Gleichungen dritter Ordnung, welche die 
axiale Warmeleitung und den senkrechten Druckgradienten enthalten, werden die Gleichungen numerisch 

integriert. Die Ergebnisse werden grafisch dargestellt und kritisch diskutiert. 

ABYMEPHAJI BOCXOAflUAR CBOGOAHO-KOHBEKTBBHA% CTPYIl B 
l-IOPMCTbIX CPEAAX. 3WDEKTbI BbICOKOI-0 l-IOPRAKA 

Amrorann+MeronoM CpameBaeMbIx aCAMnTOTR%cKHX pa3JtOxtetinfi npa 6onbtunx Swcnax P3JteK wcc- 
JtenyeTCR eCTeCTBeHHafl KOHBeKuWa OT AByMepHOrO rOpn30HTaJtbHOrO ,tuHeiiHOrO IICTO’IHBKP TenAa, 
IlOrpy~eHHOrO B IIOpIICTyIo CpeAy. 06uuifi CAy’Iaii OrpaHWIeHHOii ~OHTaHnpymIAeii CpeAbI, BbIXOAkIAeii 
II3 BepIIInHbI H3OJInpOBaHHOrO CAMMeTpWIHOrO KJIHHa, OCb KOTOporO COBnaAaeT C HanpaBAeHlleM 
BeKTOpa IIOAbeMHOii CHAbI, paCCMaTpnBaeTCK AAa npOn3BOJIbHbIX 3Ha’IeHHi-I yrAa KAHHa. 3aAa’Ia 
nepeoro nopnnKa cr10An~cn K npw6nuntemito norpansvnoro cnon, paHee a3ysaeMoMy RyAIIHrOM [J. 
Fluid Mech. 15, 527-544 (1963)]. Ann ypaerienuii norpasumioro cnox BToporo nopmra, onpenenmo- 
“,WM 3@$eKT yBJIe’IeHIIII, AaHO peIIIeHne B 3aMKHyTOM BHAe, a ypaBHeHna TpeTbcrO nOpIIAKa, BbIpaaaIo- 
IAHe 3++eKTbI OCeBOit TenJIOnpOBOAHOCTH II rpaAneHT HOpMaAbHOrO AaBAeHna, HHTerpApyIOTCI’ 

wcneHHo.06Cy)KAaeMbIe pe3ynbTaTbI npeAcTaBneabI rpa+IecKn. 


